We reconsider the thermal scalar Casimir effect for p-dimensional rectangular cavity inside D +1-dimensional Minkowski space-time. In dealing with the thermal Casimir effect, one can get the free energy consisting of the divergent zero-temperature part and the finite temperature-dependent part after some standard treatment of the finite temperature quantum field theory. Due to the finiteness, there exists some misunderstanding about the regularization of the temperature-dependent part. In fact, the Casimir free energy should exhibit classical limit at high temperature where the result does not depend on the Planck constant and the Casimir force should tend to zero with the separation increasing to infinity. These can only be achieved after the regularization for both parts of the free energy. We derive rigorously the regularization of the temperature-dependent part of the free energy by making use of the Abel-Plana formula repeatedly and get the explicit expression of the terms to be subtracted. In the cases of D=3, p=1 and D=3, p=3, we precisely recover the results of parallel plates and three-dimensional box in the literature. Furthermore, for D > p and D = p cases with periodic, Dirichlet and Neumann boundary conditions, we give the explicit expressions of the Casimir free energy in both low temperature (small separations) and high temperature (large separations) regimes, through which the asymptotic behavior of the free energy changing with temperature and the side length is easy to see. We find that for D > p, with the side length going to infinity, the Casimir free energy tends to positive or negative constants or zero, depending on the boundary conditions. But for D = p, the leading term of the Casimir free energy for all three boundary conditions is a logarithmic function of the side length. We also discuss the thermal Casimir force changing with temperature and the side length in different cases and find with the side length going to infinity the force always tends to zero for different boundary conditions regardless of D > p or D = p. The Casimir free energy and force at high temperature limit behave asymptotically alike in that they are proportional to the temperature, be they positive (repulsive) or negative (attractive) in different cases. Our study may be helpful in providing a comprehensive and complete understanding of this old problem.
Introduction
The Casimir effect, as one of the most direct manifestations of the existence of vacuum oscillations, after the development for more than 60 years, is still an active research area attracting increasing interest in both fundamental and applied science. There are many articles and books that can give a comprehensive review towards this effect. [1] [2] [3] [4] [5] [6] [7] The influence of temperature on the Casimir effect is a topic which should be paid attention to since the typical quantum state is a state containing particles in thermal equilibrium and actually all experimental measurements of the Casimir effect have been done at room temperature. In fact, the topic has indeed attracted a lot of interest. In the work of Lifshitz and collaborators, 9, 10 who generalized Casimir's result to the case of parallel dielectrics, they considered temperature corrections. And the further study were done by Sauer, 11 Mehra 12 and Brown and Maclay. 13 Some years later, the more complete theory was given by Schwinger et. al.
14 In recent years, the interest in the study on temperature dependence of the Casimir effect is increasing. The finite temperature Casimir effect in the presence of extra dimensions 15 is one of the topics. Some controversies were discussed (See Ref. [16] [17] [18] and references therein.). The progress is exciting in that there is a possibility to measure the thermal effect in the Casimir force.
19-21
In the study of the Casimir effect, the key step is to regularize the sum of infinite series to extract the physical finite quantity. The frequently used regularization methods, such as the Green's function method, the Abel-Plana formula and the zeta function technique, developed for calculation of the relevant Casimir energy at zero temperature, can be generalized straightforwardly to the finite temperature case. [22] [23] [24] [25] With these regularization methods, the Casimir energy at finite temperature has been calculated for various fields and different geometries in more than four dimensional spacetime. 1 The earliest work about the Casimir effect at finite temperature for a p-dimensional rectangular cavity inside a D-dimensional space was done by Ambjørn and Wolfram. 26 Recently Lim and Teo 27 reconsidered this topic in detail, giving the results of different boundary conditions and the low temperature and high temperature expansions. Later, Geyer et. al gave a critical discussion on the thermal Casimir effect in ideal metal rectangular boxes in three-dimensional space 28 where they obtained the finite expression for the Casimir free energy by making use of the zeta function technique. They pointed out a problem existed in some previous papers that the subtraction of the contribution of the black body radiation and other geometrical contributions of quantum origin were neglected, which led to the contradiction with the classical limit in high temperature regime. For the finite temperature Casimir effect between the simplest configuration -two parallel perfectly conducting plates in three-dimensional space, from which the rectangular boxes extend easily, there is a standard result in literature 2, 5, 7, 13 which was obtained usually by Green's function regularization. Geyer et. al. 28 reproduced the standard result by making use of the zeta function regularization technique. More recently, Bezerra et. al. 29 reconsidered the thermal Casimir effect in Einstein and closed Friedmann universes and emphasized the same procedure as what Geyer et. al. did. In the two new works, 30, 31 Teo considered the Casimir effect on the boundaries of D-dimensional cavities and spherical shells and discussed the high temperature asymptotics. In these papers, 28-31 a common recognition was reached that the terms of order equal to or more than the square of the temperature should be subtracted but the reason was not stated clearly. Furthermore, it is not easy to get the explicit expression of these terms from the calculation of the heat kernel coefficients.
In this paper, we reconsider systematically the thermal Casimir effect for massless scalar fields in p-dimensional rectangular cavity of D+1-dimensional Minkowski space-time. For simplicity, we take the cavity as a hypercube. As is known to all, the free energy can be divided into zero temperature part and temperature-dependent part. For a restricted spatial volume, the zero temperature part is divergent while the temperature-dependent one is finite. So, there is no doubt on the regularization of the zero temperature part, but due to the finiteness, there exists some misunderstanding in the literature about the regularization of the temperature-dependent part. In fact, the Casimir free energy should exhibit classical limit at high temperature where the result does not depend on the Planck constant [32] [33] [34] and the Casimir force should tend to zero with the separation increasing to infinity. However, this can only be achieved after the regularization of both parts of the free energy. In this paper, we give a rigorous prove and derivation of the regularization of the free energy of the p-dimensional hypercube inside D + 1-dimensional space-time for all three boundary conditions (BCs) of the scalar field. The regularization of the zero temperature energy can be undoubtedly done using for instance the zeta-function technique. For the temperature-dependent part, we do the regularization using the Abel-Plana formula repeatedly and obtain the explicit expression of the terms that should be subtracted from the free energy. In the case of periodic BCs, there is only one term to be subtracted which is corresponding to the black body radiation. In the cases of Dirichlet and Neumann BCs, the terms to be subtracted are expressed in series form that are proportional to the power of the side length of the hypercube and the temperature. This result is general that the the results of the cases of parallel plates and three-dimensional box in the literature could be included in. Furthermore, for D > p and D = p cases with periodic, Dirichlet and Neumann BCs, we give the explicit expressions of the Casimir free energy in both low temperature (small separations) and high temperature (large separations) regimes, through which asymptotic behavior of the Casimir free energy changing with temperature and the side length is easily to see. We also discuss the thermal Casimir force changing with temperature and the side length in different cases. We use the natural units = c = k B = 1 in this paper.
The structure of the paper is as follows. In Sect. 2 the free energy is divided into zero temperature part and temperature-dependent part for three kinds of BCs, where the zero point energy is regularized and the temperature-dependent part is to be regularized. In Sect. 3 we do the regularization of the temperature-dependent part using Abel-Plana formula and obtain the general results indicating the subtraction of the terms proportional to the powers of the side length to get the physical result. Sect. 4 contains the results of the physical Casimir free energy in high temperature (large side length) regime. Sect. 5 is the consideration of D = p case that is something different from the result of D > p case. The numerical computation is given in Sect. 6 and Sect. 7 includes the conclusions and discussion.
Two parts of the free energy
In quantum field theory, the easiest and most frequently used method to treat a system at thermal equilibrium at temperature T is the imaginary-time Mastsubara formalism in which the time coordinate makes a rotation t → −iτ and the Euclidean time τ is confined to the interval τ ∈[0, β], where β = 1/T . Periodic BC ϕ(τ +β, x) = ϕ(τ, x) for bosonic field are imposed in the imaginary time coordinate. The partition function Z is given by
where S E [ϕ] is the Euclidean action. For massive bosonic field in D-dimensional space,
where
∂τ 2 + △ is Euclidean wave operator. Using the standard calculation in quantum field theory and dropping the irrelevant constant C, we can express the partition function as
Then the Helmholtz free energy can be expressed as
In (D + 1)-dimensional spacetime, for a massless scalar field restricted in a p-dimensional hypercubic cavity with the size L, and with the sizes of the left
when the scalar field satisfies periodic, Dirichlet and Neumann BCs, the Helmholtz free energies have the following expressions, respectively 
where the superscripts (P),(D),(N) of F indicate the types of BCs. The pdimensional vectors n in the summation signs denote the indexes (n 1 , n 2 , · · · , n p ), and n 2 will be used to denote
hereinafter. In the following, we consider all three cases.
The Periodic BCs
To deal with the divergency, we firstly use zeta function regularization starting from some manipulation of the free energy density (energy per hyperarea) 8) where the formulae 
Integrating over r and using the equality
where u(s) is any regular function at s = 0, one can get
With the Poisson summation formula 15) eq.(2.14) becomes
Choosing the terms m 0 = 0, one can divide f (P) into two parts. One is the zero temperature part ε (P) 0 which can also be obtained by taking β in eq.(2.14) to infinity and turning the summation over n 0 into a integral, the other is the temperaturedependent part f
By using eq.(2.11) again, ε
can be expressed as 19) where the Epstein zeta function is defined as
To remove the divergency in ε
0 , we use the reflection formula of Z p (s)
and get the convergent zero point energy density
For the temperature-dependent part f (P) T in eq.(2.18), with the integral expression of the second kind modified Bessel function K ν (z)
it can be re-expressed as
From eqs.(2.19) and (2.24), we know that the zero temperature part of the free energy density is divergent and we do the regularization using the reflection formula of Epstein zeta function and get the finite result ε (P),reg. 0 in eq.(2.22). But the temperature-dependent part (2.24) is convergent for a given side length L. This is the very reason that the regularization of this part was neglected in some previous papers. In fact, the Casimir force should have such behavior that it tends to zero with the increase of the seperation. But from eq.(2.24), it is not difficult to find that the free energy density and further the Casimir force density are divergent when L goes large enough. So the temperature-dependent part of the free energy density still needs to be regularized. We will do the regularization using Abel-Plana formula repeatedly in the next section. Now, we give the free energy density for the other two BCs.
Dirichlet and Neumann BCs
From eqs.(2.6) and (2.7), repeating the procedure as in periodic BCs, one can divide the free energy densities for these two BCs and get the regularized zero temperature part and the unregularized temperature-dependent part as follows,
where "+" in (±1) q corresponds to Neumann BCs and "−" to Dirichlet ones, and n ∈ N p in the summation sign for Dirichlet whereas n ∈ (N ∪ { 0}) p for Neumann. Note that in eq.(2.25), for Dirichlet BCs with even p, there is a critical dimension of space D crit for each even p to make the zero point energy density turn from positive to negative, which was studied in detail in Ref. 35 . For example, for p=2, when D < 6, the zero point energy density is positive but when D ≥ 6, it changes to negative. Therefore, for p = 2, D crit = 6.
Rigorous derivation of the regularization of the temperature-dependent part
The Abel-Plana formula
is very useful in calculating the Casimir energy for various configurations. If we denote the summation to be regularized as A ≡ ∞ n=1 u(n), then the regularized A will be
The last term in eq.(3.1) is convergent in our cases. We do not need to give explicit expression for this term in the current section, therefore, in the following we will denote all terms related to this convergent part as C.
Periodic BCs
Now we use the Abel-Plana formula to regularize the temperature-dependent part of the free energy density in periodic BCs expressed in eq.(2.24). Denoting
). According to Abel-Plana formula (3.1), 
where eq.(2.9) is used in the last second step. Now, we can see clearly that to get the regularized result, the term has to be subtracted from f
Then, the regularized temperature-dependent part of the free energy density is
Dirichlet and Neumann BCs
For Dirichlet and Neumann BCs, similarly, we denote
According to Abel-Plana formula
where we show the summations over n for both BCs.
Now with the definition of the operatorsÂ andB as follows:
We can see that the q = p term is not of the integral to be substracted as eq.(3.2) shows, but just the case n 1 = n 2 = · · · = n p = 0. Furthermore, it has nothing to do with L, and hence won't contribute to the divergency of the Casimir force, with which we are dealing in the first place. Therefore, after the regularization, the terms having to be subtracted are
So, the regularized temperature-dependent parts of the free energy densities for these two BCs are
From the regularization results we can see that in the case of periodic BCs, there is only one term to be subtracted, that is eq.(3.6), and in the cases of Dirichlet and Neumann BCs, there are p terms as shown in eq.(3.13). Let D = p = 3, from eq.(3.6), we get 15) and from eq.(3.13), we get 16) where the sign "−" corresponds to Neumann BCs and the sign "+" to Dirichlet BCs. It is obvious that the term proportional to T 4 is the blackbody radiation energy restricted in the volume L 3 , regardless of the BCs. The three terms in (3.16) for Dirichlet BCs are exactly the results obtained in the previous papers.
28, 36-38 Therefore, (3.6) and (3.13) are the general results of the subtraction to get the physical Casimir free energy density for p-dimensional hypercube in (D + 1)-dimensional spacetime.
We obtain the explicit expression of the terms to be subtracted through the regularization of using Abel-Plana formula and the terms are indeed of order equal to or more than the square of the temperature as in Refs.28-31. But the advantage of our treatment is we get the explicit expression of these terms after the regularization. We also emphasize that in Sect. 2 we have known when the side length tends to infinity the temperature-dependent part of the free energy density is divergent and now after the regularization it is clear that the terms to be subtracted are exactly proportional to the powers of the side length.
At the end of this section, we give the physical free energy density for various BCs. From eqs.(2.22), (2.24), and (3.7), the physical free energy density for periodic BCs is
and from eq.(2.25), (2.26), and (3.14), the results for Dirichlet/Neumann BCs are
(3.18)
Alternative expressions of the Casimir free energy
In Sect. 2, in regularizing the free energy density, we employ the Poisson summation formula (2.15) over the n 0 summation in eq.(2.14) so that in the resulted expressions there exist terms like K ν (α β L ), as indicated in eqs.(2.24) and (2.26). But if we employ the Poisson summation formula over the n summations, we will get terms like
The two results are equivalent for the same BC case. The only difference lies in the converging rapidness. Because K ν (z) converges fast for large z, K ν (α β L ) is better for large β (low temperature or small separations) and K ν ′ (α ′ L β ) is better for small β (high temperature or large separations). So, the expressions given in Sect.s 2 and 3 are better for low temperature regime and can be called as the low temperature expansions of the Casimir free energy density. Through the similar procedure as in Sect. 2, one can get the following high temperature expansions of the free energy densities:
Since the two expansions of the free energy densities in low and high temperature regimes are equivalent, finite physical results should be obtained from both expansions when L → ∞. As shown in Sect. 3, in low temperature expansions, we regularize the temperature-dependent part of the free energy density using AbelPlana formula since this part is divergent as L → ∞. The regularization shows that the subtractions of eqs.(3.6) and (3.13) from f (3.18) . Now, in high temperature expansions (4.1) and (4.2), it is easy to see that the divergent terms as L → ∞ are the last terms of each equation. So these terms have to be removed. Furthermore, one can see that the terms to be removed are exactly the eqs.(3.6) and (3.13). Therefore, we get the terms related to the regularization through two methods. Then, the physical free energy densities in high temperature regime are expressed as
and have given the results of the free energy for periodic BCs. Here, we give explicitly both the low and high temperature expansions for all three BCs by making some modifications of the results of D > p case.
Low temperature expansion
The physical Casimir free energy densities of D > p cases in low temperature regime are shown in eqs.(3.17) and (3.18). In both equations, when n ∈ { 0}, the result of the second terms is (for periodic and Neumann BCs but not for Dirichlet)
which is divergent for D = p. However, Ambj∅rn and Wolfram 26 have argued physically that this term is the free Bose gas result and should not appear in the result of physical free energy of D = p case. Therefore, excluding n ∈ { 0}, the physical free energies for a closed D = p cavity in low temperature expansion are
(5.3)
High temperature expansion
Remember that we still have to exclude the mode n ∈ { 0} for periodic and Neumann BCs, that is, to substract eq.(5.1) from eqs.(4.3) and (4.4) to obtain the physical free energies for D = p case. However, it is not that direct to get to the results as in low temperature regime. From eq.(4.3) we can see that the first term is also divergent for D = p. So, we have to deal with two divergent terms now. Epstein zeta function Z p (s) can be expressed as a summation of Riemann zeta functions plus a series of K ν (z) that converges rapidly.
(5.4) When s = p, the divergency of the LHS lies only in the j = p − 1 term of the first part of the RHS. So, the first term of eq.(4.3) can be expressed using eq.(5.4) as
where the first term of the RHS is divergent and the rest are convergent when D → p. Now , together with eq.(5.1), the divergency can be expressed as 6) where the expansions ( 8) and
for Dirichlet BCs; .7) -(5.9), where it is easy to find that the absolute value of the physical free energy (density) in every case is an increasing function of temperature.
6. Numerical computation of the Casimir free energy and force
The Casimir free energy
From the results of the physical free energy (density) in all cases, it is easy to observe their asymptotic behaviors in high temperature limits as listed in Table 1 . In the table, we only retain the term of the highest power of 1 β . The high temperature limits of the free energy (density) for Dirichlet BCs with even p and for Neumann and periodic BCs both with D > p are negative whereas they are positive for Dirichlet BCs with odd p and for Neumann and periodic BCs both with D = p. We also restore standard units in the table, and find that with the definition of effective temperature, k B T eff ≡ c/L for periodic BCs, and 2k B T eff ≡ c/L for the other two BCs, 5 the high temperature limits of the free energy (density) in all the cases are proportional to k B T and do not depend on the Planck constant, i.e., the classical limits are achieved. 
In Fig. 1 , we plot the free energy density as a function of temperature at L = 10eV −1 in various cases. Fig. 1 (a) and 1(b) are plotted for Dirichlet BCs with p = 2, D = 5 and p = 2, D = 6, respectively. They represent the situations of even p, D < D crit , and even p, D ≥ D crit , recalling that for p = 2, D = 6 is the critical dimension for the zero point energy to change from positive to negative. 35 The free energy densities of Neumann and periodic BCs both with D > p have the similar behavior as in Fig. 1(b) when plotted as functions of temperature. Fig. 1(c) is the behavior of the free energy density for Dirichlet BCs with p = 3, D = 5. In fact, the free energies (densities) for Dirichlet BCs with any odd p and for Neumann and periodic BCs both with D = p have similar behaviors as shown in Fig. 1(c) . With the increase of temperature, they change from negative to positive and increase with T .
Then, we study the behavior of the free energy density as a function of the side length L. Note that the expressions of the free energy density for low and high temperature regimes are also good to describe small and large side lengths regimes, respectively. It is not difficult to see the asymptotic behaviors of the free energy densities with the change of the side length from the expressions. For example, from eqs.(4.3) and (4.4), it is obvious that for a given T , when L → ∞, the free energy density tends to zero for periodic BCs whereas for Dirichlet and Neumann BCs it tends to a constant depending on the temperature. These analyses are plotted in Fig. 2 . From Figs. 1 and 2 , it is obvious that for Dirichlet BCs with even p and D < D crit , the free energy (density) crosses the zero value and turn from positive to negative with the increase of temperature or the side length, whereas for Dirichlet BCs with odd p and for Neumann and periodic BCs both with D = p it turns from negative to positive. For other cases, that is, for Dirichlet BCs with even p and D ≥ D crit and for Neumann and periodic BCs both with D > p there is no cross of the free energy density. In addition, it is worth noting that there is a local maximum in Fig. 2(b) . We will explain it later when discussing the behavior of the Casimir force density. We also consider the influence of the dimension on the free energy. For D = p cases of each BCs, we plot in Fig. 4 the free energy as a function of L for different D. We find that the influences of D on the free energy vary slightly for different cases but at large side length regime, the free energy decreases with the increase of D for all cases. 
The Casimir force
From the relation of the Casimir force (density) F Cas. to the physical free energy (density) f Phys.
F
Cas. = − ∂f Phys.
∂L ,
one can easily get the Casimir force (density) in various cases considered above. We ignore writing the expressions of the Casimir force (density) but give the numerical results as follows. Fig. 5 shows the Casimir force density as functions of temperature and the side length for Neumann BCs. In most of the cases including Dirichlet BCs with odd p, Neumann and periodic BCs, the Casimir force is attractive and it has the similar behaviors as what is shown in Fig. 5 . For the case of Dirichlet BCs with even p, the situations are more complicated. We find that for the case D = D crit , there is a sign change of the Casimir force density, as shown in Fig. 7 . That is because the zero temperature term of the Casimir force density is 
Comparing the two equations above one can find that for even p, if ε T →∞ to change sign. That is, for even p of Dirichlet case, at D = D crit , the zero temperature Casimir force density has changed to negative, while the high temperature limit of the Casimir force density is still positive just as the case of D < D crit . So, there must be a cross of the Casimir force density from attractive to repulsive for D = D crit . This is also in accordance with Fig. 2(b) , which shows the free energy density has a local maximum, or i.e. a equilibrium point where the Casimir force density is zero.
In Fig. 8(b) , we find that for Dirichlet BCs with even p and D > D crit , the behavior of the Casimir force density as a function of the side length is generally similar to the odd p cases or the other two BCs as shown in Fig. 5(b) . Except that in Fig. 8(c) we see a cross of the zero temperature line and the finite-temperature line. This also can be seen in Fig. 8(a) , which shows that the absolute value of the Casimir force density decreases first and then increases as temperature rises. Despite the little fluctuation with increase of temperature, The Casimir force density is always negative in this case.
From Fig. 5 -8 , it is shown that the Casimir force density for Dirichlet BCs with even p and D < D crit is repulsive, for D = D crit it has a cross from attractive to repulsive with the inrease of temperature or the side length, and it is attractive for other cases including Dirichlet BCs with even p and D > D crit or odd p, Neumann BCs and periodic BCs. The repulsive and the attractive forces (densities) are both increasing functions of temperature and decreasing functions of the side length. They vanish with the side length going to infinity.
Conclusions and discussion
We have reconsidered the thermal scalar Casimir effect for p-dimensional rectangular cavity inside D + 1-dimensional Minkowski space-time. Our main conclusions are as follows:
(i) We stressed that in order to get the reasonable physical result one has to regularize both the zero temperature part and the temperature-dependent part of the free energy (density). We provided a rigorous derivation of the regularization of the temperature-dependent part using Abel-plana formula and obtained a general result that could include the cases of parallel plates and three-dimensional box in the literature.
(ii) For both D > p and D = p cases with periodic, Dirichlet and Neumann BCs, we give the explicit expressions of the Casimir free energy (density) in both low temperature (small separations) and high temperature (large separations) regimes, through which the asymptotic behavior of the free energy (density) changing with temperature and the side length is easy to see.
(iii) For D > p, for a given temperature, with the side length going to infinity, the Casimir free energy density tends to a positive constant for Dirichlet BCs with odd p, it tends to a negative constant for Dirichlet BCs with even p and for Neumann BCs, and it tends to zero for periodic BCs. For Dirichlet BCs with even p and D < D crit , the free energy (density) changes from positive to negative, and it changes from negative to positive for Dirichlet BCs with odd p, and for Neumann and periodic BCs both with D = p, when changing with temperature or the side length. But for other cases there is no such cross.
(iv) For D = p, the leading term of the Casimir free energy for all three BCs is a logarithmic function of the side length but not a constant as in D > p case.
(v) The thermal Casimir force (density) for Dirichlet BCs with even p and D < D crit is repulsive and has a cross from attractive to repulsive with D = D crit . For the rest cases it is always attractive. Both the repulsive and attractive forces (densities) are increasing functions of temperature and decreasing functions of the side length. They vanish with the side length going to infinity.
We hope we have provided a comprehensive and complete understanding to this old problem both analytically and numerically. We argue that both the zero temperature and the temperature-dependent parts of the free energy (density) have to be regularized to get the physical result. This is true for any configurations other than rectangular cavities when the temperature modification of the Casimir effect is considered. Because the emphasize of this paper is the rigorous prove and derivation of the regularization and obtain the physical results of the free energy and thermal Casimir force (density), we have taken the p-dimensional cavity inside D + 1-dimensional space-time as a hypercube, ignoring the influence of the ratio of the side lengths, which may affect the sign of the Casimir force as is known in zero temperature case. In addition, the other thermodynamical quantities such as the entropy can also be considered and the same problem for electromagnetic field is also worthy to study.
